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DISCREPANCIES OF IRRATIONAL ROTATIONS
WITH ISOLATED LARGE PARTIAL QUOTIENTS

TAKAYOSHI SETOKUCHI — KEIZO TAKASHIMA

ABSTRACT. We give some refinements of results of Schoissengeier on the dis-
crepancies of irrational rotations. Using these refinements, we give an explanation
for the unusual behavior of the discrepancies of irrational rotations based on some
specific numbers having isolated large partial quotients in their continued fraction
expansion.

Communicated by Istvan Berkes

1. Introduction

For a natural number a > 1 it is well-known that the leading digit of a™ is
distributed over {1,2,...,9} non-uniformly for large n and the limit distribution
(as n — 00) of the digit k is equal to log,q(k + 1) — logyo k (cf. [I4]). In case of
some specific numbers a, however, the asymptotic behavior of the chi-square test
of goodness of fit of the empirical distribution shows highly unusual aspects. For
example, in case of a = 7, the values of chi-square tests for the leading digit of
7" show repetitions of “up” and “down” almost periodically with period about
2,500,000 (cf. [I2, 13]). The problem of the leading digit of a™ is closely related
to the study of irrational rotations based on log;,a and we will show that the
unusual phenomena described above for a = 7 are caused by a single large digit
in the continued fraction expansion of 1 —log,, 7. We give discrepancy estimates
by using some refinements of formulae given by Schoissengeier (cf. [9] [10]). Us-
ing such refinements, we present a mathematical explanation for the quadratic
function-like shapes of the graph of values of discrepancies, given in Fig.[Il As
it turns out, the period between valleys in Fig.[ll is equal to the denominator
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2,455,069 of 6th-order convergent of continued fraction expansion of 1 —log, 7:
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Similar phenomena occur for other irrational numbers with isolated large partial
quotients, for example, 2—log;, 33 and 2—log;, 54 (see Figs.R2landBlat the end of
our paper). An explanation of this behavior will be given by the general results
in Section 4 connecting the local behavior of D} (na) and the magnitude of

isolated large partial quotients in the continued fraction expansion of a.
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FIGURE 1. D% (na), a =1 —logyy 7, up to N = 10,000,000, every 1,000
points. g¢ = 2,455,069, q7 = 2,455,579, qgs = 4,910,648, g8+ g6 = 7,365,717,
q8 + q7 = 7,366,227, 2g3 = 9,821,296.

In the next section we prepare some basic notions and notations. In Section 3
we recall some results from [9] [T0] about discrepancies of irrational rotations and
we prove our first main result. In Section 4 we discuss the strange phenomena
observed in Fig.[llin more detail, and we formulate further results. In Section 5

32



DISCREPANCIES OF IRRATIONAL ROTATIONS

we prove some lemmas which we use later in Section 6. We give proofs for the
results of Section 4 in Section 6. Finally, in Section 7 we discuss other examples
numerically.

2. Preliminaries

In this section we provide some notions and notations according to Drmota
and Tichy [2], Kuipers and Niederreiter [5] and Schoissengeier [9].

For a real number z, let [x] denote the integral part of =, and let {z} = = —[z]
be the fractional part of z. A sequence (z,)nen of real numbers is said to be
uniformly distributed mod1 (u.d.mod 1) if for every pair a,b of real numbers
with 0 < a < b <1, we have

lim _Zl[ab {a:n})—b—a

where 1(, ;) denotes the indicator function of the interval [a, b).

To measure the speed of convergence of a sequence w = (2, )nen to the uniform
distribution, we use the following two types of discrepancies Dy and D},

Dy(w) = sup
0<a<b<1

1 N
N Z Loy ({zn}) — (b—a)|,

D(w) = sup
0<a<l

Oa) {xn} _a

an

It is well-known that a sequence w is u.d. mod 1 if and only if limy oo Dy (w) =
0, and also limy_ oo Dy (w) = 0 because it holds Dy < Dy < 2D}. In this
paper we consider only D7,

Let a be a positive irrational number. We consider an irrational rotation
(na)nen based on a,

(na)neny = {{na} :n € N},

and we denote the discrepancy of (na)nen by D (na). Since a +— Di(ne) is an
even and periodic function, that is, Dy (n(1 — «)) = D} (na), we restrict « to
0 < o < 1/2. It is well-known that an irrational rotation (na)pen is u.d.mod 1,
in such a case limy_ o D} (na) = 0 (cf. [14]).
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Let us recall some basic facts about continued fraction expansions. A simple
continued fraction expansion is an expression of the form

a=ag+ 1 i = [ao; a1, a2, a3, . . ]
[25] + 1
as + ———
as _|_ N
where aq is the integer part of a and aj,as,... are positive integers, the so-

called partial quotients. Note that 0 < a < 1/2 implies ag = 0 and a7 > 1.
For n > 0, the nth-order convergent of the continued fraction « is defined as
Tn = Pn/qn = [ao;a1,as,...,a,]. Here note that r,’s are irreducible fractions,
and p,’s and ¢,’s are determined as follows:

P—-1= 1; Po = ao, Pn+1 = An41Pn + Pn—1,
g-1=0,9=1, ¢ui1=0ant1qn + qn-1.

(1)

It is well-known that the convergents of even order form an increasing sequence
and that those of odd order form a decreasing sequence. Also, the last convergent,
which is equal to «, is greater than any of its even-order convergents and is less
than any of its odd-order convergents. Furthermore, the sequences (py,)nen and
(gn )nen satisfy the following inequality:

(2)

1
———— <|[gna —pa| <
An + Qn+1 Qn+1

for all n > 0.

Next, we give Ostrowski representation of N to base a (cf. |2, [6 8 [9]). For
any given natural number N there is an index m such that ¢,, < N < ¢m+1.
By the division algorithm, we have N = b,,¢; + Nyp—1 with 0 < Nypp—1 < @i
We note that (am+1 + 1)G@m > gme1 > N, and so by, < apper. f m > 0, we
may write Nyy—1 = by—1¢m—1 + Nypp—2 with 0 < N0 < ¢p—1. Again we find
bim—1 < ap,. Continuing in this manner, we arrive at a unique representation for

N of the form
N =2 bg
§=0

with 0 < b; < aj4q for 0 < j < m, 0 < by < a1 (since Ng = bogo < qu
and ¢ = ai1qo) and 0 < by, < amq1. Moreover, b;_; = 0 if b; = a;11, since
aj+1qj + qj—1 = gj+1. Observe that N; = >"7_ byg for 0 < j < m.

Let us define the numbers A; by

Aj=Nj_1(a—r1) + th(QtOé — pt)

t=j
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for0 <j<m+2and A_; =0, where N_y =0 and N,, = Np,+1 = N. We note
that the numbers A; depend on N and « only. The determination of the sign
of A; would be important for estimate of D} (na). The following lemma states
the properties of A; that we use later.

LEmMMA 2.1. (2 Lemma 1.62], [9] Section 3, Proposition 1])
(i) Ifb; #0, then (—1)7A; > 0 for 0 < j < m.
(ii) For0<j<m

—lgjo = pil < (=1)7 Y " bi(gee = pr) < |gj—10 = pjal.
t=j
(ili) For0<j<m
1 : 1
< (-1)A < —
dj+1 a;

Lemma 2T (iii) implies that —1 < Ag < 1, since ¢; > qo = 1. The numbers
A;j also have the property that

(—1)7b; = aj41¢;45 — Gj414j41 + @141 (3)

for 0 < j < m (cf. [I0, p.55]). Let P ={j: A; > 0,0 <j <m}. Incase j ¢ P
is even, or in case j € P is odd, Lemma 2] (i) shows that b; = 0. In such cases
from equation (B]) we have

aj+19j4; = ¢ir1 4541 — ¢j-14j-1 (4)

for 0 < j <m.

3. Discrepancies of irrational rotations

In this section we give some refinements of results of Schoissengeier [9] [10] on
NDj(ne). Let iy = min{j > 0:b; # 0} and let

s=min{j:jodd,A; > 0,442 > 0,bj41 < ajt2,1 < j<m},
t=min{j:jodd, A;_1 <0< Aj11,Aj12 >0,bj41 <ajpo—1,1<j<m},
where min () = co. We define
u_{O, if iy is even and (bg < a1 — 1 or A; < 0),

min(s,t), otherwise,
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and furthermore sets S, Sa, Ss:
Si={j:jeven, Aj;1 <0< A;_1, 0<j<m},
So={j:jeven, Aj_1 <0< Aj11, 0<j<m},
Ss={j:jeven, A; <0,0<j<m}.

Using these notations, Schoissengeier [9] gives the following strict formula for

NDy} (na):

THEOREM A. [9] Section 8, Theorem 1] Let « be an irrational number, 0 < o <
1/2. Then

m m m m
NDy(na) Z —qjA;) + Z A — Z qAj — Z aj+154;
j=u Jj=u Jj=u Jj=u
e en JES JES, JES3 (5)

+ (600 — 1)quAu +max [ 0, Ag = > bi((—1)) — g;4;)
5=0

This result is the very exact formula for discrepancies of irrational rotations.
This is, however, not suitable for the estimation of the asymptotic behavior of
D% (na) because the definitions of s,¢ and u are quite complicated.

In [10], Schoissengeier gives the following formula for N D% (n«) in the proof
of Corollary 1 of Theorem 1. His formula is suitable for our proof of Theorem [.1]
(will appear later) and we refer his formula as a separate theorem for convenient
reference.

THEOREM B. [10, p.56] Let « be an irrational number, 0 < o < 1/2. Then

[m/2]
NDYy (na) Z baj(1 — q2; As;) + Z aj1q; A Z aj1q; A
jodd Jjeven
JjeEP j¢pP (6)

+max (0,40 = bi((=1)) —q;4)) | +e,
j=0

where the error term e satisfies [e] <1, and P={j:A; >0, 0 <j <m}.

Note, here, that sets S; and Sy are determined by signs of A;_1’s and Aj41’s,
while the set P is determined only by the signs of A;’s. Thus Theorem B makes
us to consider only the signs of A;’s. It is, however, difficult to determine the
signs of A;’s for general N’s. Therefore we want to modify Theorem B so as to
do without P in summations, and we obtain the following result:
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THEOREM 3.1. Let a be an irrational number, 0 < o < 1/2. Then

NDy(na)

/2 (m—1)/2) o
= max Z baj(1 — g2 Asj), Z boj+1(1+ gojt1dz2it1) + Ao | +c,

o =0

where the error term c satisfies —1 < ¢ < [(m +1)/2] + 1.

Proof. As in the right-hand side of Theorem B, (@), the first sum combine with
the maximum term to form the maximum term of the right-hand side of ().
Hence we prove this theorem by showing that

m+1
05 3 arngpd = Y and; < |3 ®
jodd jeven
jeEP jépr

If j¢ Piseven,then j—1¢ Pand j+1¢ P.If j € Pisodd, then j—1€ P
and j+ 1 € P (cf. [10, p.55]). Moreover, since by, # 0, we have (—1)™A,, > 0
by Lemma 2] (i). From the above it follows that

0<#{j:j¢gPiseven, 0<j<m} 0
FEljij € Pisodd, 1< <m) < [(m+1)/2), ¥
where £(A) denotes the number of elements of a set A.

Now we show that 0 < —a;j41¢;A; < 1 under the condition j ¢ P is even and
that 0 < aj4+1¢;A; < 1 under the condition j € P is odd. Let us assume first
that j ¢ P is even. Then it follows from (for even j) o —r; > 0 that

th(qta —p) < A; <0,

t=j
As for the above left-hand side, it is greater than —|gjo — p;| by Lemma 211 (ii).
Hence we have 0 < —a;11¢jA4; < ajt1¢5|gjc0 — pj|. This, together with the fact
aj+1qjlgiee — ps| <1 (cf. @) and @), implies
0< —aj+1quj < 1.
By a similar argument, we have 0 < a;4+1¢;A; < 1 under the condition j € P

is odd. From these two estimates and (), we obtain (§). This completes the
proof. O

Equation (@) of Theorem Bl seems less strict than those of Theorem A or
of Theorem B, but it is simpler because it does not include the set P, and
its usefulness will be proved in later discussions on “quadratic-function” like
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behaviors of ND} (na). As a by-product of Theorem [B.I] we have the following
formula:

COROLLARY 3.2. Let o be an irrational number, 0 < oo < 1/2. Then
[m/2] bo [((m=1)/2] bo
ND}y(na) = max Z b (1 - ) , Z boji1 (1 - ﬂ) +d,
=0 2541 =0 A2j+2

where —2[m /2] —4 < ¢ < 3[m/2] + [(m +1)/2] + 5.

By using Lemma[5.2] we prove this corollary later in Section 5. Schoissengeier
[9] gives the following simpler formula:

NDY (na)
(m/2] by Y Lm/) bars

= max baj [ 1 — J , ba,; 1—j—> + O(m),
Sow(-a) X e (i) ) o

where O(m) is the Landau’s symbol. This formula is considerably simpler than
@) of Theorem A. The error term of this formula, however, is described in the
form of Landau’s symbol and its magnitude is unclear. Our Corollary [3:2] gives
the strict estimate of the error term.

4. Main results

In this section we first give some upper estimates for N D} (na) with respect
to an irrational number «, 0 < o < 1/2, generally. In the latter part of this
section, we give some estimates for N D} (na) with respect to some specific
irrational numbers, each of which has an isolated large partial quotient in its
continued fraction expansion.

4.1. Upper estimates of valleys

We first give upper estimates for D%, (na) with respect to some specific values
of N. Let a be an irrational number, 0 < o < 1/2. For the simplest N = b,, ¢,
with 1 < b, < a1, it holds clearly that

A():Al:"':Am:mem(a_rm)

because by = by = -+ = by,—1 = 0. Therefore we have 4; > 0 for 0 < j < m,
if and only if m is even. Thus we can easily see that S; = {m}, S = {0} and
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S3 = () if m is even and that S; = So =0 and S5 = {j : j even, 0 < j < m} if
m is odd. Also, for odd m, we have

Ag =) bi((—1)7 = g;A;) > 0.
=0

By using these properties and Theorem A, Schoissengeier [9] gives the following
corollary:

CoOROLLARY C. [d Section 9, Corollary 1] Let « be an irrational number, 0 <
a < 1/2. Then for N = bpgm, 1 < by < amy1,

NDy(na) = by — (b — 1)bmGm|dme — pm| — bnlgma — pml|. (10)

This corollary works well, in case N = b;,¢,,, with being combined with
Theorem A. It is difficult, however, to apply Corollary C and Theorem A to the
following cases:

N = mem + bm—QQm—Q for 1 S bm S Am+1, 1 S bm—2 S Am—1,

N = mem + bmflqul for1 < by < Am41, 1<bm-1 < am
because the sets S7, S2, S3 and the sign of the term Ay — Z;'n:() bi((—1)7 —q;4;)
in Theorem A, (@), depend not only on m, but also on «, by, by—1 and by, —o.

Thus we need to derive some formulae of N D% (n«a) for N, satisfying the above
conditions. By using Theorem B we obtain the following result:

THEOREM 4.1. Let o be an irrational number, 0 < o < 1/2. Put K; =
(—=1)7q;4;.
(i) For N = bmm + bm—20m-2, 1 < bm < ami1, 1 <bm—2 < am-1,
NDy(na) =max (by, (1 — K, + by—2(1 — Kii—a) — Ao, 0)
. {Km_2+a, if (—1)™ 1A,y >0, (11)
Kpmte,  if(=1)™ A, <0.
(ii) For N = byGm + bm—1Gm-1, 1 <bm < amy1, 1 <bpm_1 < ap,
NDy (na) =max (b, (1 — Kp,), bi—1(1 — K1) — |Ao))
+ K1 +e.
In () and [@2)), the error term e’s satisfy |e| < 1.

(12)

From Corollary C and Theorem [£I] we can derive the following upper esti-
mates for D% (na) for some specific N’s.

THEOREM 4.2. Let a be an irrational number, 0 < o < 1/2. Then
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1
Dy (na) < —  for N = by, 1 <bp < amq1-
q.

(i)
bm + bm—2 + 1

mem + bm72qm72
fO’f‘N = mem + bm72qm72a 1 S bm é Am+1, 1 é bm72 é Am—1-

Dy (na) <

(iii)
max (b, + 1,b—1) + 1
mem + bm—lQm—l
for N = bumGm +bm—1Gm-1, 1 < by < amy1, 1 < b1 < an.

Dy (na) <

The shapes of graphs of discrepancies are slightly different between cases
where a equals 1 —log,(7, 2 — log;( 33, or 2 — log;, 54, and so on. First we
consider mainly the case where o = 1 — log;, 7. o has an isolated large partial
quotient ag = 4813. This isolated large partial quotient ag plays very important
roles in our arguments. We denote the suffix 6 of ag by 7, that is, n = 6. Thus,
qn = g6 = 2455069, gp+1 = g7 = 2455579 and g,+2 = gs = 4910648 (cf. Table[]).
This n may vary, of course, for different a.

Theorem gives very good estimates for “valleys” in Fig.[ll Theorem
(i) shows that the first valley in Fig.[l N = ¢, or g,+1, is very “deep”, that is,
D3 (na) is very small, Dy (na) < 1/g, or Dy (na) < 1/¢,41.

Theorem 2] (i) also shows that the second valley, N = ¢;42, and the fourth
valley, N = 2¢,2, are also very “deep”. In case N = ¢,42 + ¢y, Theorem [£2]
(ii) shows that D} (na) < 3/(g¢y+2 + ¢y). In case N = ¢y42 + ¢y41, Theorem A2
(ili) shows that D (na) < 3/(gy+2+ gy+1)- These estimates show that the third
valley is also very “deep”.

Note that the first and the third valleys are a little “wider” than the second
and the fourth valleys. They have “width” 510. In case of & = 1 —log;, 7, we can
obtain the upper estimates for the “bottom” of the first and the third valleys.
For other «, which has an isolated large partial quotient, we can obtain similar
upper estimates for wider valleys. Let us now introduce the following notation:

[m/2] [(m+1)/2]
M(N) — Imax Z 2541, Z 24
§=0 j=1
J#(n—=1)/2 J#n/2
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By using this M(N), we obtain the following upper estimate for D% (na) in
wider valleys.

THEOREM 4.3. Let « be an irrational number, 0 < o < 1/2. If

M(N) > [mTH] +2, (13)
then we have -~
Dy (na) < ]\([ ) (14)

for N € I, where I denotes wider valley intervals, for example, in case of a =
1—1logyo 7 or 2 —1log,(33, I = [qy,qn+1) o7 [Gn+2 + Gys @yt2 + qn+1). In case of
a=2- 10%10 54, I = [2q777 qUJrl) or [q77+2 + 2(]na Qn+2 + qUJrl); and so on.

REMARK 1. In case of o = 2 — log;, 33, we can obtain the upper estimate (I4])
for the “bottom” of the first and the third valleys in Fig.[2l for n = 3. Also, in
case of @ = 2 —1log; 54, we can obtain the upper estimate (4] for the “bottom”
of the second and the fifth valleys in Fig.Bl for n = 7.

4.2. Estimates for three large hills

In this subsection, we give some estimates for N Dy (na) for “hills”, observed
in Fig.[ll

Recall, first, that a has very characteristic continued fraction expansion, given
in Section 1:

1—log,o7=1[0:6,2,5,6,1,4813,1,1,2,2,2,1,1,1,6,5,1,83,7,2,.. .

Note that « has a rather large 6th partial quotient, 4813. The nth-order conver-
gents of o are given in Table[T]

TABLE 1. a=1-1log;,7 (0<n<9)

n 01 2 3 4 ) 6 7 8 9
ap, 0 6 2 5 6 1 4813 1 1 2
pp, 0 1 2 11 68 79 380295 380374 760669 1901712
¢n 1 6 13 71 439 510 2455069 2455579 4910648 12276875

Let N be a natural number with Ostrowski representation N = Z;"‘:O bjq; to
base a, « = 1 —log;( 7. Then the coefficients b; of N take values, as follows:

0<bp<6, 0<b; <2, 0<b2<5, 0<b3<6, 0<by <1,
0<bs <4813, 0<bs<1, 0<br<1, 0<bg<2, ....
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Note, here, that only the coefficient by can vary very widely. By using this dis-
tinctive features of @ = 1 — log;, 7, we can obtain very strict estimates for
ND¥ (na).

For other «, which has an isolated large partial quotient, we can show similar
estimates. First, we give the following estimate.

THEOREM 4.4. Let « be an irrational number, 0 < a < 1/2. Assume that o has
an isolated large partial quotient a, satisfying

an > 12M(N). (15)
If
M(N) > 5, (16)
then we have
by—1
— M(N) < NDx(na) —b,—1 <1 - ’(; ) < 3M(N) (17)

for N € I, where I denotes hill intervals, for example, in case of « =1 —1log, 7
or 2 —log133, I = [gy+1,qn+2), [@n+2, G2 + @) o [aye2 + @nt1,2¢542). In
case of v = 2 —logyo 54, I = [q9,2qn), [Gn+1:an+2)s [ant2: Gnv2 + @), (a2 +
Qs Gu+2 + 2Gy) OT [Gn+2 + Gnt1, 2Gy+2), and so on.

REMARK 2. This theorem gives numerical explanations for the unusual aspects,
shown in Fig.[Il Let f(x) be the quadratic function: f(z) = z(1—x), 0 <z < 1.
It is well-known that f(z) equals 0 at z = 0 and 1, and equals 1/4 at = 1/2.

Then, the term b,_; (1 — b:’l—;l) in Theorem 4] is described as follows:

by s (1 - b) — 4y (),

an

where © = b,_1/a,, 0 < b,—_1 < a,. Thus the estimate in Theorem 4 can be
rewritten as follows:
N/

b
AnQdn—1

—M(N) < NDy(na) —a,f(z') < 3M(N) fora' =
where N/ = N — E;n:()’#nfl bjq; if N € I. This gives an explanation of

“quadratic-function” like behavior of ND% (na), o =1 —logy, 7, and it is easily
seen that the “peak” of each “hill” is estimated from below by

1
We now consider the condition (I3,
an > 12M(N).
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For a = 1 —logyy7, a, = 4813, the above condition a, > 12M(N) holds,
because M (N) = 13 if N € [gy+1,Gnt2), M(N) =15 if N € [gy+2, @yr2 + ¢y) OF
if N € [gnt2 + qn+1,2¢y+2). By using [I7), we can explain “quadratic-function”
like behaviors observed not only for a = 1 —1log;, 7, but also for o = 2 —log;( 33
and o = 2 — log;, 54. Because for these a’s, the conditions (I5) and ([I6) are
satisfied and it implies that the “peak” of each “hill” is much larger than the
fluctuation 2M (V) at the valley’s,

ayf (%) ~ M(N) = %’7 — M(N) > 2M(N).

Since for general «, satisfying the condition (IH)), a, f(1/2) is sufficiently large,
we can see that each “peak” is strictly positive and sufficiently large.

Next, we consider the estimates for ND3 (na), restricted to a specific irra-
tional number a, @ = 1 —log,, 7, and specific values of N, having coeflicients
b0:b1=b2=b3=b4:0and0§bn_1§4813.

THEOREM 4.5. Let o = 1 —log;, 7. Assume that N has coefficients by = b; =
by =b3 =bs =0 and 0 < b,y < 4813. Then we have

by—
—4 < NDy(no) — by (1— Z 1) <9 (18)
n
for N € [gn+1, qn+2) and [gnt2+Gn+1, 2qn+2). Note that 9 and —4 are the common
bounds over these two intervals. Moreover, we have [I8)) with 9 replaced by 8 for
N e [qn+2v Qn+2 + qn)'

REMARK 3. The estimate in Theorem 5] can be rewritten as follows:
!

—4 < NDy(na) —ay,f(2') <9 forz’ = ,
anQn—-1

where N' = N —gy1 i N € [gnt1,qp+2)s N' =N —qpi2 i N € [gy12, g2 +qn)
and N’ = N—(qp+2+qn+1) if N € [gn2+Gn+1, 2¢n+2). This estimate is not whole
estimate, but this gives a still more precise explanation of “quadratic-function”
like behavior of ND} (na), a =1 —log; 7.

5. Some lemmas and proof of Corollary

In this section we first prepare some lemmas for the proofs of Corollary B.2]
Theorems [£.3] 4] and 3] and then we prove Corollary B.21

We first estimate the terms bo;(1 — go2;A2;) and baji1(1 + goj11A2541) in
Theorem [31] ().
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LEMMA 5.1. Let « be a positive irrational number. Then for 0 < j < [m/2] we

have
0 < b2;(1 — g2 Az;) < byj, (19)
with equality if and only if ba; = 0. Moreover, for 0 < j < [(m —1)/2] we have
0 < bajr1(1+ qojr1dzji1) < bojyr, (20)

with equality if and only if baj11 = 0.

Proof. In case by; = 0, (IT) is trivial. In case by; # 0, we have 0 < go; A5 < 1
by Lemma [ZT] (i) and (iii). Hence we obtain (I9). We can also prove (20) in the
same way as ([I9)). O

The next lemma gives the estimates for terms by;(1 — g2 As;) and boji1(1 +
g2j+1A2j+1) in Theorem [BT] (@), by using terms by; (1 —baj/az;+1) and bajyq (1 —
bajy1/a2j42), respectively.

LEMMA 5.2. Let « be a positive irrational number. Then for 0 < j < [m/2] we
have

ba; bos
bgj <]. — 2 ) —2< bgj(]. — quAgj) < bgj <]. — 2 ) + 3. (21)
Q2j+1 @2j+1

Moreover, for 0 < j < [(m —1)/2] we have

by by
baj+1 (1 - ﬂ) —2 < byjp1(1+qojr1dz2j41) < bojy1 (1 - ﬂ) +3. (22)
a2;+2 (2542

Proof. We first prove (2I)). For the simplicity of the notation, we consider b;(1—
q;A;) for even j, 0 < j < m, instead of by;(1 — go;As;) for 0 < j < [m/2]. The
case b; = 0 is trivial. Let us consider the case where 0 < b; < a;j4+1. By definition
of Aj, we can write b;(1 — ¢;A;) in the form

bj(1—q;A4;) =bj(1 —bjq(gjo — pj))

- 23
—bjgiNj_1(a—r;) —bjg; Y bilgier — py). (23)

t=j+1
First, we estimate the first term in the right-hand side of 23] by using term
bi(1 —bj/aj41). Let us denote ( = [an; ani1,an2,...]. Using basic facts that
qn — pn = (=1)"/(qnlnt1 + qn-1) and ¢o—1/¢n = [0;an,an—1,...,a1] (cf. [§
pp.9-10]), we have
bj

Aj415 0542, 0543, - - ] + [O;Clj,aj_l, . ,al]

bjgi(gjoe — pj) = [
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Since aj4+1 < [@j41; 542, 0543, ... +[0;a5,a5-1,...,a1] < aj+1 + 2, we see that

b; b
>bigi(gia—p;) > —L—.
a1 4 (45 pj) 4 +2

This right-hand side equals bj /a1 —2bj/a;j1(a;j41+2), and 2b5 /a1 (aj41+2)
is less than 2. Hence we obtain

b
b; (1— J ><bj(1_ijj(Qja_pj))<bj (1—

@j+1

bj

@j+1

) +2. (24)
Next, we estimate the second term in the right-hand side of (23]). Since 0 <
Nj_1 < g, and since o« — r; > 0 for even j, we have
0 < bjg;Nj—1(a —rj) < bjgjlgja — pjl

(recall that gj(a — 1) = gja — pj;). From @) and bjq; < aj11¢; < gj41, we find
bjgjlgja — p;| < 1 and therefore

—-1< —quj‘Njfl(Oé - Tj) <0. (25)

Finally, we estimate the last term in the right-hand side of [23]). Using Lemma
BT Gi) fort=7+1,+2,...,m instead of t = 5,5+ 1,...,m, we have

m
—biailajria —pial < (=17 1bia; D bilgia — pi) < bigzlaza — pjl.
t=j+1

Since b;jq;j|¢j+100 — pj+1| < 1, and using b;j¢;|g;ec — pj| < 1 once more, we have

—1< —bjq Z be(qror — py) < 1. (26)

t=j+1
Combining [24)) - 26) with (23), we obtain (ZI)). We can also prove ([22)) in the
same way as in the above. O

Now, we return back to the proof of Corollary To derive Corollary
from Theorem .1l we use this Lemma (.21

Proof of Corollary We first estimate N D% (na) from above. We estimate
the sums Y ba;(1 — g2 A2;5) and > boj1(1 + g2j41A4254+1) in Theorem 3] ().
Since ba;(1 — g2 A2j) < boj(1 —boj/azjt1) + 3 (cf. Lemma 52 ([21I), we have

[m/2] [m/2

]
bo.;
> by (1= g Az;) < D by (1 2 ) + 3¢y,
j=0 j=0

2541
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where ¢; = [m/2]+1. On the other hand, since bgj1(1+ga;+142j41) < bajt1(1—
bajy1/az;q2) + 3 (cf. Lemma B2 (22)), we also have

[(m—1)/2] [(m—1)/2] byist
> by (l+ g daiin) < Y bain (1 - J—Jr) + 3ca,
i=0 i=0 2+2

where ¢3 = [(m — 1)/2] 4+ 1. By using these two estimates and Theorem B} (),
we obtain

NDy(na)
[m/2] by [((m—1)/2] b1

< max boj |1 — ——], bo, 1—j—>—|—A + ¢+ 3cy.
JZO % ( az; +1) jz:; 2 ( a2;j+2 ’ '

Since Ag < 1 (cf. Lemma [ZT] (iii)) and the error term ¢ in Theorem 311 (),
satisfies ¢ < [(m 4+ 1)/2] + 1, we obtain the upper estimate for N D} (na).

The lower estimate for N D% (na) can be shown by similar arguments. Since
baj(1 — g2 Agj) > baj(1 = baj/agj1) — 2 and byjy1 (1 + gajy14aj41) > bajea(l —
bajt1/az;42) — 2 (cf. Lemma B2, (2I) and 22])) we have

[m/2] [m/2]

by
Z b (1 — qojAzj) > Z ba; (1 - a2jfrl> — 2cy,
and
[(m—1)/2] [(m—1)/2] byiiy
> boi(l4azdsen) > Y by (1 - J—+) — 202,
=0 =0 2742

where ¢; = [m/2] + 1 and ¢3 = [(m — 1)/2] + 1. From these two estimates and
Theorem [31] (), we obtain

NDy(na)
[m/2] by [(m—1)/2] bojin

> max boj | 1— J), ba, (l—j—>—|—A +c—2¢.
jzz:o “ ( 2541 jz:; e (2542 0 !

Since Ag > —1 (cf. Lemma [ZT] (iii)) and ¢ > —1, we obtain the lower estimate
for ND% (na). O
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6. Proofs for results of Section 4

In this section we give the proofs for results of Section 4. We first begin with
the proof of Theorem [Z11

Proof of Theorem [£11 Throughout the proof, we prove only the case where
m is even. The proof for the case where m is odd, is done similarly. The proof
is based on Theorem B. As for the first sum and the maximum term in the
right-hand side of Theorem B, (), we note that

[m/2] [(m—1)/2]

D boi(1— g2 A) = Y (1) =g A) = > bajra(l+qa514551).
§=0 §=0 =0
(1) By the assumption N = anQTn + bm—2Qm—27 1 < bm < Am+1, 1 < bm—2 <
QAm—1, we have by = by = -+ =by,_3 = 0 and b,,,_1 = 0. From this, we have the
following:
[m/2

]
Z b (1 — qojA2;) = bm—2(1 — gm-24m—2) + bm(l — gmAin),
j=0
[(m—1)/2] (27)
Z baj+1(1 + q2j+142j41) = 0.
§=0
We now consider the summations, such as, the form ) a;j11¢;A; in Theorem B,
[@). As for A;, observe that Ag = A1 = -+ = Apm—2 = by—o@m—2(a — ry2) +
bimGm(a — 1) > 0 and that A, = byn—og@m—2(a — 74) + byngm (e — 1) > 0,
because o — rp,—2 > 0 and a — r,, > 0. Notice that, however, the sign of
Ap—1 = bm—2@m—2(a — rm—1) + bygm (o — 1) varies depending on «, b, and
bm—_o2, because o« — rp,_1 < 0. Thus we need to consider the cases A,,_1 > 0 and
A1 < 0 separately.
Case 1. If A,,,—1 > 0, then the above results for A; imply that A; > 0 for
any j, 0 < j < m, and it suggests that {j : j € Pisodd, 1 < j < m} =
{1,3,...,m — 1}. Therefore we have

Z aj+1quJ = q'mAm - AOa

jodd
JEP

where we used (@). On the other hand, we have {j : j ¢ P iseven, 0 < j <
m} = () and hence

(28)

Y an1g;4; =0. (29)
jeven

j¢p
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Combining (Z1) - 29) with Theorem B, (@), we obtain (put K; = (—1)7¢;A4;)
NDy(na)
= maX(bm—Q(l - Qm—QAm—Q) + bm(l - QmAm)7 AO) + qum — AO + e
= max(bm—2(1 — gm-2Am—2) + bm(l — gnAn) — |40],0) + ¢gnAlm + €
=max(by,—2(1 — Kip—2) + b (1 — K,y) — | A40],0) + K, + €.

Case 2. If A,,_1 < 0, then we have {j : j € Pisodd, 1 < j < m} =
{1,3,...,m — 3} and hence

Z aj+1QjAj = gm—2Am—_2 — Ao,
jodd
jeEP
where we used (). On the other hand, we again have (29, since {j : j ¢
Piseven, 0 < j <m} = 0. By combining these with Theorem B, (@), we obtain
NDy(na)
- max(bm—Q(l - Qm—QAm—Q) + bm(l - QMAm); AO) + Qm—QAm—Q - AO +e
- max(bm72(]- - qm72Am72) + bm(]- - QmAm) - |A0|7 O) + qm72Am72 +e
= max(bm,g(l — Kmfg) + bm(]. — Km) — |A()|, 0) + Ko +e.

(11) By the assumption N = mem + bm—lQm—l; 1 S bm < Am+1, 1 S bm—l S

Qm, We have by = by = -+ = b, = 0. From this, we have the following:
[m/2]
D boj(1 = g2 A2;) = bn(1 = g Ana),
=0
30
[(m=1)/2] (30)
> bojra(1+ 21 42i41) = b1 (14 g1 4m 1)
§=0
In this case, we have Ag = Ay = -+ = Ay 1 = by 1@m—1(0—Tpm—1) + b @ (a—

Tm) < 0 because of Lemma[2T](i) and b,,,—1 # 0. Similarly, 4,,, = by—1¢m—1(a—
Tm) + bmgm(a — 1) > 0, since b,, # 0. From these relations, we see that
{j:j€ePisodd, 1 <j<m} =0, hence that

> ajr1g;4; =0. (31)
jodd
JjEP
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On the other hand, we have {j : j ¢ Piseven, 0 <j <m} =1{0,2,...,m — 2}
and therefore

Z aj+1QjAj = Gm-14m-1,
jeven
j¢pr

where we used (). Combining [B0) - (32)) with Theorem B, (), we obtain

(32)

NDy(na)

= max(bm (1 — gmAm)s bm-1(1 + gm-14m—1) + A0) — gm-1Am-1+¢
= max(bm (1 — ¢gmAm)s bm—1(1 + gm-14Am—1) — |Ao|) — gm-1Am—1 +¢
=max(by, (1 — Kun)yb—1(1 — K1) — |Ao|) + K1 + €.

O

REMARK 4. By Lemmal[ZT] (i) and (iii), under the conditions of Theorem[ZT] (i),
we obtain 0 < (—1)™A4,, < 1/¢m and 0 < (—1)™724,,_5 < 1/¢—2. Therefore
we have 0 < K, < 1 and 0 < K,,_2 < 1. Similarly, under the conditions of
Theorem (7] (ii), we have 0 < K,;, < 1 and 0 < K,,,—1 < 1.

Next, we prove Theorem by using Corollary C and Theorem 1]

Proof of Theorem 4.2l (i) Assume that N = b,,qm, 1 < by, < g1 Then it is
easy to see from b, > 1 that (b, —1)bym@m|gma—pm| > 0 and by, |gma—ppm| > 0.
Therefore Corollary C, ([IQ), implies that

NDy(na) < by,.

(11) Assume that N = mem + bm—QQm—Qa 1 < bm < Am+41, 1 < bm—2 < Gm-1.
Then we have 0 < K,,, < 1 and 0 < K,,—2 < 1 (cf. Remark H]). Here K; =
(—1)7q; A;. We discuss the cases (—1)™ 14,1 > 0 and (—1)"" 14,1 <0
separately. If (—1)™"1A,,_1 > 0, then we have by Theorem ET] (),

ND¥(na) < max (by, + bim—2 — Ko — |A40],0) + Ko + €
= max (bm + b0 — |A0|, Kmfg) +€e
< bm + bm—2 + 1;
where we used by, > 1, b2 > 1, |Ag| < 1 and |g] < 1. In case (—1)" 14,1 <
0, the upper bound can also be shown in the same way as in the above.

(iii) Assume that N = bygm + bm-1¢m-1, 1 < b < ami1, 1 < bpe1 < ap.
Then we have 0 < K,,, <1 and 0 < K,,—1 < 1 (cf. Remark [)). Therefore, by
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Theorem [L1] ([I2)), we obtain
ND¥(na) < max (b, — Ky bm—1 — K1 — |Ao|) + Kim—1+¢€
=max (b, — K + Kp—1,bm—1 — |Ao]) + ¢
< max(by, +1,bm-1) + 1,
where we used by, > 1, b1 > 1, |[Ag] < 1 and |e| < 1. O
In the latter part of this section, we give the proofs of Theorems and

A4 only for the case o = 1 — log;, 7. The proofs are valid for other irrational
numbers with an isolated large partial quotient, with slight modifications.
Before starting proofs, we first explain briefly how to prove these theorems.
The proofs are based on Theorem Bl For a special term by, _1(1 +¢p—14,-1) in
Theorem B (@), 0 < b,,—1 < 4813, we use the following estimate:

by — by

b”]*1 (1 - 1) —2< bnfl(]- + qn,1An,1) < b”]*1 (1 — n_l) +3 (33)
Gy Gy

by Lemmal[5.2] [22)). For the other terms ba;(1—g¢2jA2;) and baj1(14¢2j41A42541)

in Theorem Bl (@), we apply Lemma [5.1], (I9) and (20), respectively.

Proof of Theorem Let @ = 1 —log;, 7. Assume that N € [g,,qn+1)-
Then we have m = n and b,, = 1. Since b,, = ay+1, we have b,_1 = 0 (recall that
bj—1 =0if bj = a;41). Therefore b,—1(1+¢,—1A;-1) = 0. The other coefficients
b; take values 0 < b; < aj41. Using Lemma 5.1 (I9) and ([20), we can estimate
the sums ) ba;(1 — g2 A25) and >~ baj1(1 + g2j41A4254+1) in Theorem 3] (@),

as follows:

[m/2] [m/2] [m/2]
D byl —qudey) < > by <Y ags,
§=0 3=0 j=0
J#(Mn—1)/2 J#Mm—1)/2
[(m—1)/2] [(m—1)/2] [(m+1)/2]
Z boj+1(1 + q2j41A2541) < Z boj1 < Z az;-
Jj=0 j=0 j=1
J#(n—2)/2 J#n/2

By using these estimates and Theorem B11 (7)), we obtain

1
NDN(na) < M(N)+ |Ag| +c < M(N) + {%} +2,

where we used |Ag| < 1 (cf. Lemma 2] (iii)) and ¢ < [(m + 1)/2] 4+ 1. By the
condition ([@3), M(N) > [(m + 1)/2] + 2, we obtain upper bound 2M (N) in
Theorem [£3]
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In case N € [¢y4+2 + ¢, @y+2 + @y+1), we can show the upper bound 2M (N)
by similar arguments. O

Proof of Theorem [4.4l Let a = 1 — log;, 7. Assume that N € [g,41, gy+2)-
Then we have m = n+ 1 and b,11 = 1. Since b,11 = a,42, we have b, = 0,
that is by, # an+1. The essential difference between this result and Theorem [£3]
is that the special coefficient b,_; takes values 0 < b,_; < 4813 (recall that the
value of the coefficient b,_; is always 0 under the conditions of Theorem E3]
because b, = ay41).

We begin by showing upper estimate for N D} (na). By Lemma 511 ([I9), we
can estimate the sum ) ba;(1 — g2jA42;5) in Theorem B} (@), as follows:

[m/2] [m/2]
Z baj(1 — g2; Asj) < Z a2j41-
§=0 §=0
j#(n—1)/2
On the other hand, as for b,_1(1 + ¢;—1A,—1), we use the upper bound of (B3],

and we apply Lemma [51] (20), to the other terms bajt1(1 + goj11A2j+1). As a
result, we have

(m=1)/2] [((m+1)/2]

b,
S bty < Y ot (122 43
=0 j=1 an
J#n/2

By using these two estimates and Theorem Bl (7)), we obtain

by—
NDy(na) < by—q <1— Z 1) +3+ M(N)+|Ao|+¢
U

b, 1
< by <1— U 1>+M(N)+[—m+ ]+5,
ay 2

where we used |Ap| < 1 (cf. Lemma 2711 (iii)) and ¢ < [(m +1)/2] 4+ 1 in the last
inequality. It is easy to see that M (N) > [(m+ 1)/2] holds for general irrational
numbers, because a; > 0 for 1 < j < m. Moreover, in this case N € [gy+1, n+2),
the condition ([I6)), M (N) > 5, hold, because M (N) = 13. Therefore, we obtain
upper bound 3M (N) in Theorem 4

The lower estimate for ND3% (na) can be shown by similar arguments. By
using the lower bound of ([33), and Lemma Il (I9) and (20), we have the
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following:
[m /2]
Z baj(1 — gojAs;) > 0,
j=0

[(m—1)/2] b
Z bojr1(1 + q2j41A42j41) > by—1 (1 . Z_ ) - 2.
7=0 K

From these two estimates and Theorem Bl (), we obtain

ND¥(na) > b, 1 (1 - b"‘l) —2—|Ag|+¢> by (1 - b"‘1> — 4,
an an

where we used |Ag| < 1 (cf. Lemma 2] (iii)) and ¢ > —1 in the last inequal-
ity. The condition ([I8), M(N) > 5, of course, mean that —M(N) < —4, and
consequently, we obtain lower bound —M (N) in Theorem 4

In both cases N € [¢y42,Gn+2 + ¢y) and N € [gny2 + Gy+1,2¢n+2), the coef-
ficient b,_; takes values 0 < b,_; < 4813, because b, # a,+1. Moreover, since
M(N) = 15, the condition (I8)) is satisfied. Thus, for these two intervals, this
theorem can be shown in the same way as in the above. O

Proof of Theorem The proof for the lower bound goes similarly as the
proof in Theorem [£4], and we prove only the upper bound.

Assume first that N € [g,+1, gy+2) and that N has coefficients by = by = by =
bg = by =0and 0 < b,—y <4813. Then m =n+1, b1 = 1 and b,, = 0 because
bT]+1 = ap42- Hence the sums Z bgj(]. - q2jA2j) and Z b2j+1(1 + q2j+1A2j+1) in
Theorem 311 (@), are the following:

[m/2]
D b2j(1— g2 A2;) =0,
=0
[(m—1)/2]
Z bojr1(1+ q2j+1A2j41) = by—1(L+ gp—14y-1) + byr1 (1 + gpy14ns1)-
=0

As for b1 (1 + ¢y—1A,—1), we use the upper bound of (B3)). On the other hand,
we have b1 (14 gnr14n41) < 1 from Lemma BT, @20). Also, since a« —ry,—1 <0
and o — 741 < 0, we have Ag = by—1gy—1(ac —ry—1) + byp1gn1 (o — ry41) < 0.
Thus by Theorem Bl (), we obtain

b by
NDy(na) <max<0,bn_1 (1—"—1) +4+A0> +e<by (1— 2 1) +9.

Gy Gy

The last inequality results from Ay < 0 and ¢ < [(m + 1)/2] + 1.
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Next, assume that N € [g,42,¢y1+2 + ¢,) and that N has coefficients by =
by = by = b3 =by = 0and 0 < b,_; < 4813. Then m = n + 2, byp2 = 1 and
by+1 = b, = 0. Therefore we have the following:

[m/2]
D baj(1 = 2425) = bypa(l — griaAyia),
j=0

[(m=1)/2]

Z bojr1(1+ gojr1A2j41) = by—1(1 + gyp-145-1).

3=0
In case b,—; = 0, Theorem is trivial. We, therefore, consider only the case
where 0 < b,_1 < 4813. By Lemma [}, (I9), we have b,12(1 — gy245,42) < L.
Observe that Ay = A,;—1 = by—1gy—1(a — ry—1) + byyagnt2(a — ryyo). Hence
by,—1 # 0 implies that Ag < 0 from Lemma [ZT] (i). By the same way as N €
[¢y+1, ¢y+2), We obtain

by— by —

ND% (na) < max <1,b,,1 (1 — 1) +3+A0> fe<by (1 — 1) +8.
an ay

The last inequality results from Ay < 0 and ¢ < [(m + 1)/2] + 1.

Finally, assume that N € [gy+2 + gn+1,2¢y+2) and that N has coefficients
bp =by =by =bg =by =0and 0 < b7771 < 4813. Thenm:n—i—Q, b77+2 =
by+1 = 1 and b, = 0 because b, 1 = ay+2. Thus we have the following:

[m/2]

D boj(1 = 24s5) = bypa(l — guradyia),
§=0

[(m—1)/2]
Z boj+1(1 + g2j+1A2j41) = by—1(1 + @y-14y—1) + by1(1 + gp14n+1)-
j=0
By similar arguments to the proof of the cases N € [gy41,qn42) and N €

[n+2, Gn+2-+4y), we can show that by2(1—gyi2An42) <1, byr1(14+ane1dne1) <
1 and Ay < 0. Therefore we obtain

by— by
ND}"v(na)<max<1,bn1 (1_ L 1)+4+A0>+c<bn1 (1— ui 1)4_9.
a a

The last inequality results from Ay < 0 and ¢ < [(m + 1)/2] + 1. O

REMARK 5. These proofs are valid for 2 — log;( 33 and 2 — log;, 54, with some
obvious modifications on n = 3 and n = 7, respectively, in the above.
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7. Other examples

In this section we first report the extraordinary behaviors, observed in cases
of 2 —log;( 33 and 2 —log, 54. The continued fraction expansion of 2 —log;, 33
is given by

2 —logy,33=10;2,13,299,1, 1, 10,.. ],
and 2 — log,( 33 has a rather large isolated 3rd partial quotient, as = 299, and
the 3rd-order convergent, g3 = 8075. Since M(N) =14 if m=norifm=n+1,
and M(N) =24 if m =n+ 2, 2 —log,, 33 satisfies the conditions (I3]), (IH) and
(I5).
The continued fraction expansion of 2 — log;, 54 is given by
2 —logynh4 =10;3,1,2,1,3,1,326,2,1,3,.. ],

and 2 — log;, 54 also has a rather large isolated 7th partial quotient, a; = 326,
and the 7th-order convergent, g7 = 23202. Since M(N) = 8 if m = 7, and
M(N)=9ifm=n+1orif m=mn+2,2—1log,,54 also satisfies the conditions
(@3, [@3) and ([I6).

Although these large partial quotients, 299 and 326, are not so large in com-
parison with the quotient 4813 in case of 1 —log;, 7, we can, again in each case,
observe extraordinary phenomena similar to the phenomenon, shown in case of
1 —log;, 7 (see Figs.[2 and 3.

Next, we consider the numerical estimation of N D% (na), in case of log, 2,
log;y3 and 1 —log;( 5, continued fraction expansions are given by

log12 =10;3,3,9,2,2,4,6,2,1,1,3,1,18,1,6,1,2,1,1,4, .. ],
log,03 =10;2,10,2,2,1,13,1,7,18,2,2,1,2,3,4,1,1,14,2,44, .. ],
1—1log1n5=10;3,3,9,2,2,4,6,2,1,1,3,1,18,1,6,1,2,1,1,4,.. ].
We do not find large partial quotients in continued fraction expansions within
20 partial quotients. In case of log;, 2, the value of D} (n«) converge to 0 very
quickly (cf. Fig.H); when N = 3,000,000, the value of D% (na) equals a extraor-
dinarily small value, 2.7 x 107°. In case of, similarly, log,, 3 and 1—log;, 5, values

of D} (na) converge very quickly to 0. In contrast with Fig.[ll Fig.d shows “very
normal” decay of D} (nw).
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